A simple scheme for the evolution of a fluvial landscape in heterogeneous environments is critically examined to capture the essential mechanism responsible for the recurrent scale-free landforms in the river basin. It is shown that, regardless of boundary and initial conditions, geomorphological constraints in the form of quenched randomly pinned regions play a key role in the robust emergence of aggregation patterns with a scaling behavior in agreement with that of real river basins. ͓S1063-651X͑97͒51805-8͔ PACS number͑s͒: 05.40.ϩj, 68.70.ϩw Considerable efforts have been recently devoted to models of landscape evolution ͓1-3͔ in view of newly acquired experimental evidence showing recurrent scale-free structures in the geomorphology of the fluvial basin often covering over four orders of magnitude of linear size ͓4͔. As in standard critical phenomena, the mechanism producing such structures is expected to depend only on a few basic features common to all the networks, rather than on the details of the particular system under consideration. This can be conveniently shown by classifying the results into a limited number of universality classes determined by a set of critical exponents.
Considerable efforts have been recently devoted to models of landscape evolution ͓1-3͔ in view of newly acquired experimental evidence showing recurrent scale-free structures in the geomorphology of the fluvial basin often covering over four orders of magnitude of linear size ͓4͔. As in standard critical phenomena, the mechanism producing such structures is expected to depend only on a few basic features common to all the networks, rather than on the details of the particular system under consideration. This can be conveniently shown by classifying the results into a limited number of universality classes determined by a set of critical exponents.
A crucially simple lattice model, inspired by selforganized critical ͓5͔ models, aimed at the basic mechanism for fluvial landform evolution was recently proposed ͓6͔. The model addresses only fluvial dynamics ͑whose imprinting is argued to dominate the morphology of river basins ͓1͔͒ and is based on a dynamic threshold for activity defined by the exceeding of well-defined shear stresses.
Although the dynamics of evolution is purposely extremely simple, it has been shown ͓6͔ that this choice is both physically meaningful and suitable as an algorithmic searching mechanism.
Here we show that the results of the original simulations ͓6͔ were affected by finite size effects and by a limited choice of boundary and initial conditions which all combined to yield results very close to the experimental ones. Here we use larger scale simulations and more general boundary and initial conditions. In this way we identify two distinct universality classes. The first one, corresponding to the original formulation ͓6͔, fails to reproduce consistently the scaling behavior of field observations. The second one agrees with observational data.
Since in fluvial processes inhomogeneous precipitations and geomorphological constraints are expected to play a definite role in the development of the fluvial basin ͓7͔, we show that an essential ingredient of the model should effectively take heterogeneity of the terrain into account, a feature which was missing in the original model and which provides a new universality class.
Specifically we considered two physically based kinds of randomness. We have explicitly verified that the first one, namely heterogeneous rainfall, is not effective in changing the universality class of the original model. The second one was devised to model the geomorphological constraints in the form of random pinning of the landscape. This paper hinges on this feature which proves effective and of much physical significance and indeed defines the second class which consistently agrees with the one of real river basins.
Our lattice model is defined as follows. Let h x be the height of the landscape associated with every site x of a square lattice of size LϫL. We assume that on the lowest side ͑kept at height hϭ0) all sites are possible outlets ͑mul-tiple outlets͒ of an ensemble of rivers which are competing to drain the whole LϫL basin. A random noise is added to the initial substrate in order to have unbiased initial conditions. Each site ͑pixel͒ collects water from a distributed injection in addition to the flow which drains to the site from the upstream connected sites. The steepest descent constructions allow the assignment of drainage directions to every site of an arbitrary landscape. The drained area a x ͑which is also a measure of the total flow rates collected at that site͒ is associated with each site x according to the equation
where the sum runs over the subset of neighbor sites y(x) whose area is actually drained by x. If no contribution to x exists, then a x ϭr x and it represents a source. The second term in Eq. ͑1͒ represents rainfall at position x. For uniform injection r x ϭ1. Random injection will be briefly discussed at the end. Another significant morphological indicator is the ͑up͒stream length l x from any site x to its source, which is computed according to straightforward procedures ͓8͔.
The time evolution of the model follows the following steps.
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͑2͒ If the shear stress on a site exceeds a threshold value c , then the corresponding height h x is reduced-mimicking erosive mechanisms-in order to decrease the local gradient and the shear stress and set it just at the critical threshold. This produces a rearrangement of the network according to Eq. ͑1͒ followed by a new update of the whole pattern as in step ͑1͒.
͑3͒ When all sites have shear stress below ͑or at͒ threshold, the system is in a dynamically steady state. Since this situation is not necessarily the most stable, a perturbation is applied to the network to increase the stability of a new steady state. A site is picked up at random and its height is increased in such a way that no lakes, i.e., sites whose height is lower than the heights of all neighbors, are formed. Steps ͑1͒ and ͑2͒ then follow as before.
A small percent p ͑typically 5%) of the heights are chosen ͑randomly and in uncorrelated manner͒ to be pinned to their initial value. This is equivalent to assigning a large value of c ͑infinite in our case͒ to a randomly chosen fraction p of the sites and a value c ϭ1 to the remaining sites. Thus these sites do not take part in the landscape evolution process. Note that this is a reasonable geological feature ͑see Montgomery and Dietrich in Ref. ͓4͔͒. One expects this effect to increase the meandering of the main river structures thus providing an additional mechanism for aggregation. The case pϭ0 corresponds to the case studied in Ref. ͓6͔ . It is worth mentioning that for a given concentration p of pinned sites, a typical correlation length l p ϳ p Ϫ1/2 ͑in two dimensions͒ is introduced. For system sizes Lӷl p ӷ1 ͑ϭlattice spacing ϳ10 m͒, crossover from the pure ( pϭ0) case to the truly asymptotic behavior ( p 0, L→ϱ) should be observable. This is quite typical in disordered systems and it is observed here too.
After a suitable number of the perturbations ͓step ͑3͔͒, the system reaches a steady state which is insensitive to further perturbations and where all statistics of the networks are stable. The resulting steady state proves scale-free, i.e. it is characterized by power-law distributions of the physical quantities of interest, which will be analyzed below.
Our numerical calculations were carried out on a twodimensional square lattice ͑where each site has eight nearest neighbors͒ for sizes up to Lϭ200 and a number of perturbations up to 10 6 . This high number of perturbations involved makes the simulations very time consuming, thus preventing tests on much larger sizes. For comparison the original simulations ͓6͔ were carried out up to Lϭ64.
The initial height field has a nonzero average slope m, along the ''main flow'' direction, and height fluctuations not exceeding 10% of mL. Boundary conditions are reflecting in the direction transversal to the main flow and open ͑multiple outlets are allowed͒ in the parallel one. Averages over few ͑up to five͒ configurations were routinely taken ͓9͔. This choice proves sufficient in view of the self-averaging nature of the random perturbation.
The scaling analysis of the resulting landforms is based on P(a,L) and ⌸(l,L), the cumulative probability distribution of the drainage area a and stream length l, respectively, in a domain of linear size L. The following scaling forms are expected ͓8͔ to hold:
͑3͒
Here H is the Hurst ͑or wandering͒ exponent and d l is the stream-length ͑or chemical distance͒ fractal exponent ͓10͔.
and ␥ are two of the various critical exponents that can be defined for river networks ͓1͔. For self-affine river basins (HϽ1, d l ϭ1) scaling relations can be derived ͓8͔ yielding all exponents in terms of H only ͓11͔. One finds
Experimental values of and ␥ are available from earlier experimental analyses from basins of different size, geology, exposed lithology, climate and vegetation ͓1͔. There it was observed that, while a majority of basins tend to seemingly universal values ϭ1.43Ϯ0.02 and ␥ϭ1.8Ϯ0.1, exceptions are found where altered values are observed, i.e., the values change in a concerted manner and scaling relations such as those in Eq. ͑4͒ are still satisfied. Scaling analysis for the cumulative area distributions are shown in Figs. 1͑a͒ and 1͑b͒ . Figure 2 contains the corresponding collapse plots according to Eq. ͑2͒. Similar results are also obtained for the upstream lengths cumulative distributions. Our estimates of the critical exponents are independently derived and they agree with the scaling laws ͑4͒. Their values are ϭ1.38Ϯ0.02, Hϭ0.60Ϯ0.05, and ␥ϭ1.60Ϯ0.02 in the absence of heterogeneity, i.e., pϭ0; ϭ1.43Ϯ0.02, Hϭ0.75Ϯ0.05, and ␥ϭ1.70Ϯ0.02 for the random pinning case ͑i.e., p 0). The errors are statistical for and ␥. For H the error is based on a careful estimate of the collapse plot. It should be noted that the collapse in Fig  2͑b͒ is worse for the two highest sizes considered ͑see Fig. 3͒ due to poorer statistics.
Of course the fact that HϽ1 implies that d l ϭ1 has been used in Eq. ͑3͒ for the analysis of the upstream lengths distribution. However, corrections to scaling appear to be stronger for the lengths rather than the areas distribution. In Fig. 3 the typical network obtained using the above dynamics is reported without ͑a͒ and with ͑b͒ random pinning start- ing with the same initial configuration. It is worth noticing that the randomness increases the river wandering and thus the value of H and . The following remarks are in order.
͑a͒ We have explicitly verified that our results do not depend on the imposed boundary conditions, i.e., changing from single to multiple outlets does not affect the critical exponents. This was the basic flaw in the original testing ͓6͔ of the model.
͑b͒ When multiple outlets are allowed the statistics based on the largest rivers give slightly low Hurst exponents both for the homogeneous and the heterogeneous case. In all cases the resulting exponents are consistent with experimental values and with the scaling laws ͑4͒ within the error bars.
͑c͒ The same analysis for a bigger concentration of random pinned regions ͑up to 10%) does not show significant changes of the above values of the exponents. This indicates that very likely when p 0 and less of the percolation threshold there is a single universality class different from the pϭ0 case. We did not pursue our study up to the percolation threshold of the pinned regions since new phenomena, such as large scale lake formations, occur and hence all relevant scales would be altered. This was beyond the objective of the present work. Nor did we fully analyze further values of p since we expect only two universality classes to be present ͑with or without disorder͒ in view of the large amount of computer time involved.
͑d͒ We explicitly checked that random precipitations both constant in time and updated at each perturbation ͓step ͑3͒ above͔ do not significantly change the critical exponents in both the homogeneous and heterogeneous terrains considered here. This is consistent with rigorous results derived in Ref. ͓12͔ in a related context where random rainfall has been shown to be irrelevant.
In conclusion our results indicate that real rivers are not well described by the critical exponents of the homogeneous model, i.e., pϭ0. However, by introducing a ͑small͒ concentration of quenched nonerodible regions, a new universality class is found which agrees well with the observational data. These pinned regions surrogate the ubiquitous presence of geomorphological constraints in real landscapes and thus their important role is appealing.
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